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ABSTRACT. We use homogenisation to derive two types of upscaled diffusion adsorption model equations for 
carbon dioxide in small coal particles. The coal particles are considered to be composed of aromatic crystallites 
embedded in amorphous coal. The type of model equations depends on the ratio between the effective diffusion 
coefficients in the crystallites Db  and the amorphous background Da  with respect to the ratio of the square of 

their respective radii 2. In one model it is assumed that D ~Dab  and in the other that 2D ~ Dab . Effectively, 

both models lead to a single characteristic time for the adsorption rate. We assert, however, that two 

characteristic times would have been observed if 3D ~ Dab . The model equations are used for the 

interpretation of CO2 high-pressure adsorption experiments (<20 MPa) on a dry Pennsylvanian coal sample. The 
experiments determine the total excess sorption capacity for CO2 and the rate at which the adsorption 
equilibrium is attained. Our preliminary experiment indicates that the adsorption rate is determined by a single 
characteristic time. Comparison to the modelling results leads to an estimated diffusion coefficient of the order 
of 10-11 m2/s. Additional adsorption rate experiments are needed to confirm our preliminary results.
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1. Introduction 

One of the promising methods to reduce the discharge 
of the ”greenhouse gas'' carbon dioxide into the 
atmosphere is its sequestration in unminable coal 
seams, see however Lomborg (2001). A typical 
procedure is the injection of carbon dioxide via 
deviated wells drilled inside the coal seams. Carbon 
dioxide displaces the methane adsorbed on the internal 
surface of the coal. A production well gathers the 
methane as free gas. This process, known as carbon 
dioxide-enhanced coal bed methane production (CO2-
ECBM), is a producer of energy and at the same time 
reduces greenhouse concentrations as two carbon 
dioxide molecules displace one molecule of methane. 
After an extensive dewatering phase, carbon dioxide is 
injected and fills the cleat system of the coal and 
diffuses into the matrix blocks. In actual fact it is 
possible to discern a number of cleat systems at 
different scales. In the end the matrix blocks between 
the smallest cleat system have diameters typically of a 
few tens of microns (Gamson et al., 1993). Our interest 
is focused on the diffusion rate within the matrix 
blocks. This paper is about an attempt to find a 
procedure to determine the effective diffusion rate 

from the diffusion coefficients of the constituents 
comprising the coal particles. This attempt is based on 
a theoretical interpretation of coal adsorption 
experiments. 
 Much work has been carried out on the adsorption 
capacity of coal with respect to carbon dioxide. 
(Stevenson et al., 1991; Arri et al., 1992; Hall et al., 
1994; Nodzenski, 1998; Clarkson & Bustin, 1999a; 
Clarkson & Bustin, 2000; Krooss et al., 2002). The 
work found in the literature primarily focuses on the 
adsorption capacity of coal and not on the adsorption 
rate. The exceptions are the papers of Marecka & 
Mianowiski (1998) and Clarkson & Bustin (1999b). 
The interpretation of adsorption rate experiments 
requires a diffusion/adsorption model inside the coal 
particle. One of the well-known models that describe 
this is Ruckenstein’s bidisperse model (see 
Ruckenstein, 1970). Other models are described in the 
paper of Bathia (1987). Ruckenstein’s model describes 
relatively fast diffusion in a matrix, which forms the 
embedding of particulates with a much smaller 
diffusion coefficient. His derivation is, however, 
intuitive and he nowhere mentions any restrictive 
assumptions on the respective values of the diffusion 
coefficients. Indeed, nowhere in the literature there is a 



130 Nikolai SIEMONS, Hans BRUINING & Berndhard M. KROOSS

systematic upscaling approach for the coal particles 
that consist of an amorphous embedding and clusters 
of stacked aromatic rings. A recently developed 
upscaling method, called homogenization (see 
Hornung, 1996), provides a systematic basis for 
upscaling. We show that the upscaled model equation 
depends on the order of magnitude of the ratio of the 
diffusion coefficients between the amorphous coal and 
the spherical aromatic crystallites. We distinguish two 
cases that lead to completely different model 
equations. One of the cases lead to equations, which 
are identical to the equations proposed by Ruckenstein. 
Our derivation shows that the model is only valid 
under restrictive assumptions. 

2. Experimental set-up and procedure 

We have measured CO2 adsorption isotherms on 
ground moisture equilibrated and dry Pennsylvanian 
coal samples of different rank (0.72, 1.19 & 1.56% Rm)
up to pressures of 20 MPa (200 bar). In this paper we 
only use the experiments with a coal sample with a 
reflectance of 0.72%Rm. The measurements were 
performed at 40, 60 & 80 °C. A volumetric method 
was used to determine the excess sorption of CO2.

 The volume between valves V1 and V2 is the void 
volume of the pressure transducer and represents the 
known reference volume Vref. Portions of 4 g of the 
ground coal are placed into the sample cell. Both cells 
are kept under constant temperature. After pressure 
equilibrium is reached in the reference cell the valve 

V1 is closed and valve V2 is opened to expand gas into 
the sample cell. The amount of gas introduced to the 
system is computed from the amounts of gas 
transferred stepwise through the reference volume Vref
into the sample cell. During the process of adsorption 
sorbate gas molecules are removed from the free gas 
phase. This results in a free gas pressure drop within 
the experimental system. The pressure is monitored 
throughout the whole experiment (see Figure 2). From 
pressure data the amount of adsorbed gas can be 
determined by the use of the density of the gas phase 
calculated by an equation of state for CO2 i.e. 
Setzmann & Wagner (1996). For detailed description 
of the experiments and results see Krooss et al. (2002). 
The raw data sets from sample Hengevelde-1 VI are a 
basis for the validation of the modelling work 
described below. 

3. Experimental results 

The experimental results show that the CO2 sorption 
behaviour is very sensitive to variations in the 
experimental conditions and sample properties if the 
pressure reaches the critical pressure for CO2 (73.8 
bar). The variability of the observed CO2 adsorption 
curves indicates that a quantitative prediction of the 
sorption capacity of coals for this gas is problematic. 
The Gibbs approach may be partly inadequate for a 
strong non-ideal gas at high pressures and 
comparatively low temperatures. Furthermore raw 
pressure data indicate, that an equilibrium time of 20 
minutes for the first data point is not sufficient (see 
Figure 2). 

Figure 1. Schematic diagram of the adsorption set-up

Figure 2. Monitoring the establishment of sorption equi-

librium during individual pressure steps.
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4. Adsorption model of carbon dioxide in 
coal particles 

We consider the coal as aggregates of coal matrix 
blocks with a diameter of 10-100 m, which are 
surrounded by a system of fractures called the cleat 
system. Inside the cleat system transport by convection 
and diffusion occurs. The relatively large cleat spacing 
allows a free carbon dioxide gas phase to move around 
between the coal matrix blocks. Within the fracture 
system Darcy flow occurs as the main transport 
mechanism. The secondary transport mechanism is 
diffusion. The diffusion coefficient inside the fractures 

Dfrac is of the order of -5 2D ~ 10  P /P [m /s]o . Here 
P0 denotes the atmospheric pressure and P the 
prevailing pressure. As the fractures become narrower 
Knudsen diffusion occurs i.e. the diffusion coefficient 
reduces due to collisions with the pore wall. Still the 
diffusion coefficients are much larger than 10-8 [m2/s].
Therefore we assume that the coal matrix blocks are 
surrounded by a more or less constant carbon dioxide 
concentration. It is asserted that surface diffusion 
within the coal matrix blocks is the rate-limiting step 
for adsorption. In other words the pore diameters 
within the matrix blocks are of the order of a few 
molecular diameters (e.g. of carbon dioxide). In such a 
case the molecule hops from one adsorption site to the 
other and extremely low effective diffusion 
coefficients i.e. lower than 10-13 - 10-18 are expected. 
Therefore nowhere in the matrix blocks free movement 
of carbon dioxide molecules occurs i.e. there is always 
a strong interaction between the carbon dioxide and the 
solid phase. 
 The matrix blocks consist of two types of carbon 
structures viz. crystalline carbon and amorphous 
carbon (Lu et al., 2001). The crystalline carbon 
consists of stacks of aromatic rings, which may be 

Figure 3. Adsorption Isotherms of CO
2
 on dry Hengevelde-1 

VI sample at 40, 60, & 80˚C. Data points are calculated from 

each pressure drop curve (Figure 2).

Figure 4. Heterogeneous diffusion model (Model 1) and dis-

tributed microstructure model (Model 2).

connected to each other by aliphatic chains on the 
edges. The domain occupied by these particles is 
denoted by b. Here we assume that these crystallites 
are embedded in a highly disordered non-aromatic 
background, which occupies the domain denoted with 

a. For computational convenience we also assume 
that the matrix blocks have the shape of spheres with 
radius R0 and that the crystallites are small spheres 
with a radius of r0 <<R0. Both in the amorphous 
background and in the crystallites a surface diffusion 
process takes place. By surface diffusion we mean that 
the carbon dioxide molecules feel at all times the 
presence of the solid phase and hence hop from one 
site with a interaction potential minimum to the other. 
We consider two cases. 
1. We assume that the effective surface diffusion 
coefficients in the amorphous part and in the 
crystalline parts are of the same order of magnitude 
D  ~ Dab .

2. We assume that the effective surface diffusion 
coefficient in the amorphous part Da is much bigger 
than in the crystalline parts Db. More specifically we 

assume that 2D  ~ D  (r /R )a o ob .

 The case where also particulates are present with 
3D  ~ D  (r /R )a o ob  is left for future work. We 

denote the adsorbed concentration in the amorphous 
part as ca. Its units are mass of carbon dioxide per unit 
volume of amorphous coal and its surrounding void 
space. We assume that at the boundary of the big 
spheres R = Ro  the adsorbed concentration is 
proportional to the concentration in the cleats. 
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 We denote the concentration in the crystalline part, 
as cb . Its units are mass of carbon dioxide per unit 

volume of crystalline coal and the included void space. 
We assume that at the boundary of the small spheres 
the adsorbed concentration is proportional to the 
concentration in the amorphous coal c (R,t)a  i.e. 

c (r ,t) = kc (R,t)o ab . Note that the concentration at 

the edge of the crystallites depends on its position in 
the big sphere. 
 The derivation of the two upscaled equations with 
homogenisation is tedious but straightforward. A full 
derivation requires a several pages and hence is outside 
the scope of the present paper. Here below we give the 
results, which have been derived following Hornung, 
1996. This will be done in the next four sections. 

4.1. Heterogeneous diffusion model 

The heterogeneous diffusion model assumes that  
c

div D grad c
t

 in a (Eq. 1) 

where c is the concentration inside the heterogeneous 
sphere and D is the space dependent diffusion 
coefficient. The concentration at the boundary of the 
amorphous coal particles can be expressed as 

c (R ,t) = c  = wM  P/RTa o o CO2
where P is the pressure, R is the gas constant and T the 
temperature. 
The average concentration w  can be expressed in 
terms of w and k used in the distributed microstructure 
model as 

w 1 k wA A
where A is the fraction of amorphous coal in the coal 
particle and k is the ratio between the adsorption 
capacity of the particulates and the amorphous coal. 

4.2. Distributed microstructure model 

The distributed microstructure model assumes that 
2D ~ Dab  where  is the ratio between the local 

scale and the global scale. We use the notation that ca
denotes the concentration of CO2 outside the small 
particles i.e. in domain a and that cb denotes the 
surface concentration inside the small particles in 
domain b. The boundary between of all the small 
aggregates is denoted as . Hence the equations read 

ca div D grad c ka at
 in a (Eq. 2) 

for the amorphous coal and 
cb div D grad cb bt

 in b (Eq. 3) 

for the spherical crystallites. ca is the adsorbed 
concentration in the domain a. Furthermore cb is the 
absorbed concentration inside the small spherical 
crystallites. Equation 2 states that the carbon dioxide is 
subjected to surface diffusion in the amorphous phase. 
In the way it is written ca is the mass of carbon dioxide 
per unit volume amorphous phase inclusive the void 
space. We find this choice convenient because the pore 
space inside a does not provide a free space for the 
carbon dioxide molecules; it is too narrow. The 
effective ''volume'' diffusion coefficient is denoted as 
Da. The diffusion coefficient Da is related to a surface 
diffusion coefficient through a number of constant 
conversion factors. For our present purposes it is not 
useful to make this relation explicit. Equation 3 also 
considers only surface diffusion. The diffusion is 
driven by the gradient of the surface concentration of 
carbon dioxide within the domain b. We also express 
the units of the concentration of carbon dioxide cb in 
the small spheres comprising the domain b as mass of 
carbon dioxide per unit volume of the sum of the pore 
space and the solid coal phase. For the equations 
derived in the paper it is not useful to relate the 
diffusion coefficient Db in b to the surface diffusion 
coefficient in b. For us it is only relevant that 

b bD  (grad c ) is the mass flux i.e. the mass 
transported through a unit surface inside b in the 
same way, as a aD  (grad c ) is the mass flux in a.
 Flux continuity at the boundary  between the 
crystallite and the amorphous non-aromatic part 

implies that 
CCa bD Da bn n

, where n denotes the 

coordinate perpendicular to the crystallite-amorphous 
interface. 

4.3. Upscaled heterogeneous diffusion model 

We apply the diffusion equation to model 1 shown in 
Figure 4. Homogenisation gives an effective diffusion 
equation. 

Rc Rc= Defft R R    (Eq. 4) 

with the boundary condition 
wP

c R , to RT
.

Here, Deff is the effective diffusion coefficient and c the 
CO2 concentration in terms of mass per unit volume of 
coal. The effective diffusion coefficient is obtained 
from a simulation of the models shown in Figure 4. 

4.4. Upscaled equation for the distributed 
microstructure model 

For the spheres within spheres we have that 0 0= r /R ,
where R0 and r0 are the radii of the amorphous coal 
particle and the spherical aromatic crystallites 
respectively. The equations read 
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rc rca aDat r r
 in a (Eq. 5a) 

for the amorphous coal and 
rc rcb bDbt r r

 in b   (Eq. 5b) 

for the spherical aromatic crystallites. ca is the 
adsorbed concentration in the domain a. Furthermore 
cb is the surface concentration inside the small spheres. 
At the boundary 0r = r we obtain therefore 

cca bD = Da br rr=r +o r=r -oo o

  (Eq.6) 

at r = ro  and kc ca b  at r = ro .

Finally we have at the boundary R = Ro
c (R ,t) = wc  = wM  P/RTa o o CO2
where w is the ratio between the adsorbed 
concentration in the amorphous coal and the free gas 
phase surrounding the coal particles. Both 
concentrations are expressed in terms of mass per unit 
bulk volume. 

5. Modelling Results 

We computed the cumulative amount Q(t) of 
diffused/adsorbed CO2 in the big coal particle using 
Stehfest’s algorithm for inverse Laplace transformation 
(see 9. Annex). The coal particles have a diameter of 
50 µm. For the second case the coal particle contains a 
volume fraction of 0.5 of crystallites with a radius one 
hundred times as small. Our simulations use diffusion 
coefficients for the large particles that range from 
5x10-9 to 5x10-14 m2/s. The diffusion coefficient in the 
small particle is 10000 times smaller than in the 
matrix. The adsorbed mass is 28 times the mass in the 
bulk. Using diffusion coefficients of 5x10-9 to 5x10-14

m2/s in the first model gives a result that almost 
coincides with the second model. Hence it is 
impossible for experiments to discern between the two 
models. 
A comparison to Figure 2 shows that the effective 
diffusion coefficient is of the 10-11 m2/s.

6. Conclusions 

The upscaled diffusion adsorption equation in coal 
particles can be obtained with the use of 
homogenisation as an upscaling method. We derive 
two upscaled diffusion/adsorption model equations. 
The type of model equation obtained depends on the 

ratio of the characteristic times i.e. 
2R /Do a  and 

2r /Do b . One of the model equations is identical to 

the equations derived for Ruckenstein’s bidisperse 
model. The bidisperse model is only valid for certain 
restrictive conditions for the ratio of the diffusion 
coefficients in the small and big spheres. The 
restrictive conditions imply that effectively there is 
only a single characteristic time that applies both to 
diffusion in the small spheres and in the big spheres. In 
this case the bidisperse model cannot be discerned 
from a model with a slightly heterogeneous diffusion 
coefficient distribution. It is asserted that in a model in 
which there are two distinct time scales completely 
different model equations apply. This we leave for 
future work. 
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9. Annex. Solution of the upscaled equations in Laplace place 

9.1. Heterogeneous diffusion model 1 

We obtain after Laplace transformation of Eq. 4. 
2Rc

sRc D 2eff R
   (Eq. 7) 

and we obtain 

CO2

s
sinh R

DM PR w effoc
R s R T sb sinh RoDeff

   (Eq. 8) 

If we divide by s to get the integrated result, the cumulative flux is given as 

CO2
M Pw4 c 4 s s2 2Q R D D R R coth Ro o o o2 2eff effR R T D Ds sR Ro b eff eff

  (Eq. 9) 

In the long time limit i.e. when s is small we obtain after using that 
11L 1
s

CO2
3M P 4 RoQ t w

R 3b
   (Eq. 10) 



UPSCALED DIFFUSION IN COAL PARTICLES 135

9.2. Distributed microstructure model 2 2D ~ Dab

We obtain 
M PCO sinh RRo 2c wa Rs R T sinh Rob

   (Eq. 11) 

If we divide by s to get the integrated result, the cumulative flux is given as 
M PCOc4 42 2a 2Q R D D w R R coth Ro o o o2 2eff effR R Ts sR R bo

  (Eq. 12) 

where 
3 1 k D 1 s sA bs coth roA r r D Do o b b2

Deff

   (Eq. 13) 

The effective diffusion coefficient is obtained the same way as mentioned in section 5. 
In the long time limit, i.e. when s is small we obtain for 2

1 k2 A A: s
Deff

and after using that 1L 1
1
s

wM P 3CO 4 Ro2Q t 1 kA A R 3b
  (Eq. 14) 

Figure 6. Results of the diffusion rate-modelling Model 

2: D
b 
~ ε2D

a
.

Figure 5. Results of the diffusion rate-modelling Model 

1: a bD =D


