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Bergman spaces and weighted Banach spaces of holomorphic
functions
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Abstract

Let ¢ be an analytic self-map of the open unit disk D in the complex plane. Such a
map induces through composition a linear composition operator Cy4 : f — f o ¢. We are
interested in the combination of Cy4 with the differentiation operator D, that is in the
operator DCy : f — ¢ - (' o ¢) acting between weighted Bergman spaces and weighted
Banach spaces of holomorphic functions.
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1 Introduction

Let D denote the open unit disk in the complex plane. For an analytic self-map ¢ of D the
classical composition operator Cy is given by

Cy:H(D) — HD), f— foo,

where H (D) denotes the set of all analytic functions on D. Combining this with differentiation
we obtain the operator

DCy: HD) — H(D), f— ¢ - (' o).

Composition operators occur naturally in various problems and therefore have been widely
investigated. An overview of results in the classical setting of the Hardy spaces as well as
an introduction to composition operators is given in the excellent monographs by Cowen and
MacCluer (cf. [6]) and Shapiro (cf. [13]).

Next, let us explain the setting in which we are interested. Bounded and continuous functions
v : D —]0, 00| are called weights. For such a weight v we define

Hy = A{f € HD); |[fllo := iggv(Z)If(Z)! < oo}

Since, endowed with the weighted sup-norm ||.||,, this is a Banach space, we say that HS°
is a weighted Banach space of holomorphic functions. These spaces arise naturally in several
problems related to e.g. complex analysis, spectral theory, Fourier analysis, partial differential
and convolution equations. Concrete examples may be found in [4]. Weighted Banach spaces
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of holomorphic functions have been studied deeply in [3], but also in [5] and [2].

The weighted Bergman space is defined to be the collection of all analytic functions f € H (D)
such that

A= 11 € HO) Wby = [ 1rGIPu) aa) ) < o1 <p <o

where dA(z) denotes the normalized area measure. The investigation of Bergman spaces has
quite a long and rich history. An excellent introduction to Bergman spaces is given in [9].
In this article we characterize boundedness and compactness of operators DCy : Ay, — HY
in terms of the involved self-map ¢ and the weights v and w.

2 Basics

We study weighted spaces generated by the following class of weights. Let v be a holomorphic
function on D that does not vanish and is strictly positive on [0,1[. Moreover, we assume
that lim,_,; v(r) = 0. Then we define the weight v in the following way

v(z) == v(|z]?) for every z € D. (2.1)
Examples include all the famous and popular weights, such as
1. the standard weights v(z) = (1 — |2|2)*, a > 1,

2. the logarithmic weights v(z) = (1 —log(1 — |2|?))%, B > 0.
3. the ezponential weights v(z) = e_m, a>1.
For a fixed point a € D, we introduce a function

va(z) := v(az) for every z € D.

Since v is holomorphic on D, so is the function v,. Moreover, in particular, we will often
assume that there is a constant C' > 0 such that

Sup sup M < C. (2.2)
a€D zeD ’Ua(z)‘
Calculations show that the standard weights as well as the logarithmic weights satisfy condi-
tion (2.2), while the exponential weights do not fulfill condition (2.2).
Finally, we need some geometric data of the unit disk. A very important tool when dealing
with operators such as defined above is the so-called pseudohyperbolic metric given by

p(z,a) = loa(2)],

a—=z
l—az’

where 04(2) := z,a € D, is the Mdobius transformation which interchanges a and 0.
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3 Results

Lemma 1 Let v(z) = h(|z|) for every z € D, where h € H(D) is a function whose Taylor
series (at 0) has nonnegative coefficients. We assume additionally that v satisfies condition
(2.2). Then there is a constant C' > 0 such that, for all f € AL,

YOS (e 1 T
w(0) (1~ [22)Fu(z)F

Proof. Recall that a weight v as defined above may be written as

v(z) := max{|g(Az)|; |[\| = 1} for every z € D.

We will write gx(z) := g(\z) for every z € D. Next, fix A € C with |A\|] = 1. Moreover, let
a € D be an arbitrary point. We consider the map

2

Top : AY = AL, Tonf(2) = f(0a(2))06(2)7 gr(oa(2))?.
Then a change of variables yields
ITaxfllt, = /Dv(Z)\f(oa(z))Iplag(z)|2|gx(aa(2))| dA(z)

v(2)
v(0a(2))

D
< c /D /D 1 (0a(2)[0(oa(2)loh(=)? dA()
< ¢ /D o) F(O dA®) = C|IFIE,

Now put hy(z) := Ty A(2) for every z € D. By the mean value property we obtain

D=

< [ 1f(oa(2))] |00, (2)] dA(2)

v(0)[ha(0))P < /Dv(z)\hA(Z)\p dA(z) = [|hAll} , < CISIT -
Hence
v(0)[Ax(0)[P = v(0)| F(@)P(L — |af*)?|gr()] < CIIfIIE -
Since A was arbitrary we obtain that
v(0)|f(@)P(1 — |a|*)?v(e) < CIIfIE,

Thus,
1 1/ llo.p

[f(@)| < Cr— T 1
v(0)7 (1 —la?)rv(a)r

Since o was arbitrary, the claim follows. |

Lemma 2 Let v(z) = h(|z|) for every z € D, where h € H(D) is a function whose Taylor
series (at 0) has nonnegative coefficients. We assume additionally that v satisfies condition
2.2. Then for every f € AL there is C, > 0 such that

1 1
2 19 2 1}p(sz)
1 —=1[zP)ro(z)r (1= [w]*)rv(w)?

|f(2) - f(w)| < Cv”f”v,p max{

for every z,w € D.
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Proof. The proof is completely analogous to the proof given in [17]. Hence we omit it here.
O

Lemma 3 Let v(z) = h(|z]) for every z € D, where h € H(D) is a function whose Taylor

series (at 0) has nonnegative coefficients. We assume additionally that v satisfies condition
(2.2). Then for f € AD and » € D:

M
([ flv.p-

1f()l < — 2
0(0)7 (1 = [22)" "o o(z)

Proof. By Lemma 2 we have that

F(2) - f(w)| < Ml{ S— - 1}p(2,w)||f|!v7p-
(07 L (1= |zP)ro(2)p (1= w|?)po(w)s
Now
fz+hh f(2) < Ml max{ 1 _ 1 1} o4 b Dl F s
b v(0)7|hl (1= |2+ h2)ro(z + )7 <1— ERIOL
_ M max{ ! 5 } ‘Ilfllv,p
v(0)7 ]| (1= |2+ h[2)su(z + h)» <1—|z Pu(z)r
= T max{ 1g 15 1} "f‘v,P
v(0)7 (1= |z+h2)sv(z+h)r (1- z| Z

Finally, let h tend to zero and obtain

M
7| fllvp-

()l < — 2
v(0)7 (1 = |22) " ru(z)

Proposition 4 Letv(z) = h(|z|) for every z € D, where h € H(D) is a function whose Taylor
series (at 0) has nonnegative coefficients. We assume additionally that v satisfies condition
(2.2). Then DCy : A — HZ? is bounded if and only if

/
w(z)|¢/(2) . o)

sup <

D o\1+2
€D (1 —|p(2)[?) " P o(9(2))
Proof. First, we assume that (3.1) is satisfied. Applying Lemma 3 we obtain

IDCs il = sup w(|6 ()| £ (9(2)] < Csup—— L)
e 2D (1= [ Fu(e()

S

=

Hence DCy : A} — H° must be bounded.
Conversely, let a € D be arbitrary. Then there exists fI in the unit ball of H° such that
Fa(@)l? = 7. Now put

9a(2) = fa(2)@a(2) for every z € D.
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Hence [|gal[vy = Jpp 9a(2)[Pv(2) dA(2) < sup,ep v(2)|fa(2) [P [p lpa(2) P dA(2) < K. Moreover,

gr(2) = fL(2)pa(2) + fa(2)¢,(2) for every z € D.

Now, to show that the boundedness of the operator DCy : A} — HS°® implies condition (3.1),
we assume to the contrary that (3.1) is not satisfied. Thus, there is a sequence (z,), C D

such that
w(zn)|¢/(j’n)‘ i
(1= 16(za)|2) TP v((20)) 7

Next, we consider functions gn(2) := gg(z,)(2) for every n € N as defined above. Obviously
(gn)n is contained in the closed unit ball of A} and

> n for every n € N.

¢ = w(zn)[d (2n)llgn(¢(zn))| =

>n

wizn)l¢/ ()l
V()7 (1 — |d(zn)[2) T

for every n € N which is a contradiction. O

Next, we want to analyze under which conditions an operator DCy : Al — H is compact.
To do this we need the following form of the Weak Compactness Theorem. The proof is similar
to the case of composition operators acting on H2. Thus we refer the reader to the monograph
of Shapiro [13], Section 2.4.

Lemma 5 Letv and w be arbitrary weights. A bounded operator DCy : A — HZ° is compact
if and only if for every bounded sequence (fy)n C AY that converges to 0 uniformly on the
compact subsets of D, the sequence (DCyfpn)n also converges to 0 in Hgy .

Proposition 6 Let v(z) = h(|z]), z € D, where h € H(D) is a function whose Taylor series
(at 0) has nonnegative coefficients. Moreover, we assume that v satisfies (2.2). Then the
operator DCy : A} — HE is compact if and only if

/
i sap I
@(2)1=1 (1= [o(2)2) 7 u(6(2))
Proof. Let (f,), be a bounded sequence in A} that converges to zero uniformly on the

compact subsets of D. Let M := sup, || fn|lvp < co. Given € > 0 there is > 0 such that if
|p(2)| > r, then

=0.

S =

W(Z)|¢'(22)| <
(L= [9(2)2) T 7u(o(z))7 — 2O
On the other hand, since f, — 0 uniformly on {u; |u| < r}, there is an ng € N such that
if [¢(2)| < r and n > ng, then w(z)|f,(#(2))||¢'(2)] < 5. Now, an application of Lemma 3
yields

supw(z)|f(0()Id (2))] < sup w(2)|fn(¢(2)]|¢'(2)| + sup w(z)|f(o(2)]|¢'(2)]
z€D |p(2)|<r [p(2)|>r
€ Cyw(z)|¢'(2)|
< -+ su 2
2 \ab(z)\p>r (1-— ]¢(z)|2)5+1v(¢(2))

<e.

hSA
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Thus, the claim follows.
Conversely, we suppose that DCy : A, , — H;’ is compact and that there are 6 > 0 and
(zn)n C D with |¢(2,)| — 1 such that

w(zn)|¢' (zn)|

. > 6.
(1= 16(z)|2) 2 v((20))

3=

Since |¢(zn)] — 1 there exist natural numbers «(n) with lim, .. a(n) = oo such that
|p(2n)| 2™ > 3 for every n € N.
Next, for every n € N we consider the function

— 1+% a(n)
gn(2) = fn(z)a¢(zn)(z)z )

where fh € H such that ||f5|l, <1 and |f,(¢(20))|P = ==~—y. Thus, (gn)n C A% converges

- " 5(p(zn)) "

to 0 uniformly on the compact subsets of D and we obtain

IDCofullw = w(zn)ld' (zn)l| fr(¢(20))]
w(zn)|¢' (2n)||6(2n) ‘a(n)

= - 1 9 1+2
0((2n)) P (1 —[9(2n)[?) "7
1 w(zp)| @ (zn 1
0((zn))? (L= [@(2n)[?) P
Applying Lemma 5 we arrive at a contradiction and the claim follows. O
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