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Weighted composition operators between weighted Bloch type
spaces

Elke Wolf

Abstract

Let D be the open unit disk in the complex plane and ¢ : D — D as well as ¥ :
D — C be analytic maps. For a holomorphic function f on DD the weighted composition
operator Cy 4 is defined by (Cy 4 f)(2) = ¥(2) f(#(2)) for every z € D. We characterize
when weighted composition operators acting between weighted Bloch type spaces are
bounded resp. compact. Moreover, during these studies we also obtain a characterization
of boundedness and compactness of weighted composition operators from weighted Bloch
type spaces to weighted Banach spaces of holomorphic functions.
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1 Introduction

Let ¢ be an analytic self-map of the open unit disk DD in the complex plane C and v be an
analytic map on D. Such maps induce the so-called weighted composition operator

Cop : HD) = H(D), fr=9(fog),

where H (D) denotes the set of all holomorphic functions on D. In case that ¥ (z) = 1 for
every z € D we simply write Cy and obtain the classical composition operator. Such operators
have been investigated on various spaces of holomorphic functions and by several authors,
see e.g. [4], [5], [6], [9], [10], [13] [16]. In this paper we are interested in operators Cy , acting
between different weighted Bloch type spaces. For a continuous, strictly positive and bounded
function (weight) on D we say that the weighted Bloch type space B, is the collection of all
holomorphic functions f on D such that

I1£1l5, = supv(2)|f'(2)] < oo
zeD

Provided, we identify functions that differ by a constant, |||z, becomes a norm and B, a

Banach space.

In [16] Ohno, Stroethoff and Zhao characterized boundedness and compactness of weighted

composition operators in the framework of weighted Bloch type spaces generated by the

standard weights, i.e. weights of the form v, (2) = (1 — |2]*)® with o € R and « > 0.

Using a completely different approach in this article we characterize these properties of Cy 4

acting between different more general Bloch type spaces.
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2 Notation, auxiliary results and basic facts

First, for the notation as well as a general introduction on the concept of (weighted) compo-
sition operators, we refer the reader to the excellent monographs [17] and [7].

In this article we will identify weighted composition operators acting between weighted Bloch
type spaces with a sum of operators acting in a different setting which we will explain here.
For a weight v we consider

HE = {f € HO) |l = supo() £(:)] < oc) and
HY = {feH>X VYK ccD3Ie>0: v(2)|f(z) <eVzeD\K}.

Endowed with norm ||.||, these are Banach spaces. In the sequel we will refer to spaces of
type H° as weighted Banach spaces of holomorphic functions. Such spaces occur naturally
in several problems regarding the growth conditions of analytic functions. This means they
arise in complex analysis, spectral theory, Fourier analysis, partial differential equations and
convolution equations. They were intensively studied e.g. in [3] and [2].

The study of weighted spaces resp. of operators acting on weighted spaces requires the concept
of the so-called associated weight, which was introduced by Anderson and Duncan in [1] and
thoroughly investigated by Bierstedt, Bonet, and Taskinen in [3].

Given a weight v, its associated weight o is defined by

1
sup{|f(2); f € Hy, [|fllo <1}

Bierstedt, Bonet, and Taskinen showed the following very useful facts concerning associated
weights:

0(z) ==

for every z € D.

(a) 0<v <0,
(b) © is continuous,

(c) for every z € D there exists a function f, € Hy° with || f.||, < 1 such that |f,(2)| = {)(12).

(d) H® and HZ° are isometrically isomorphic.

In the following we are mainly interested in radial weights, i.e. weights which satisfy
v(2) = v(|2]) for every z € D. If such weights satisfy additionally lim,|_; v(z) = 0 they are
called typical. Since, in general it is quite difficult to compute the associated weight, we need
some conditions, when v and ¥ are equivalent, i.e. when there exists a constant & > 0 such
that

v(z) < 0(z) < kv(z) for every z € D.

We say that a weight v is essential, if v and ¥ are equivalent. Bonet, Domanski, and Lindstrom
proved that a radial weight which satisfies condition

1— 27n71
(L1) inf 2 )20

neN v(l—277)

(which is due to Lusky, see [11]) is an essential weight. Examples of such weights include
among others the standard weights v,(2) = (1 — |2|?)®, a > 0, as well as the logarithmic
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weights wy(2) = (1 —log(1 —1z|?))9, ¢ < 0. Recall that by [6] weighted composition operators
Cyp o H° — HZY are bounded if and only if

w(z)[$(2)]

Sup —————~— < 0.

z€D U(¢(Z))

If we assume additionally that v and w are typical weights, then Cy  : H° — Hp is compact
if and only if lim supy ()1 % =
Our approach in the study of weighted composition operators involves integration. Thus,

let us consider the integration operator
4
I:H(D)— HD), f »—>/ f(u) du.
0

We again identify functions that differ by a constant. In [8] Harutyunyan and Lusky studied
the boundedness of such operators acting between weighted Banach spaces of holomorphic
functions and obtained the following result:

Proposition 1 (Harutyunyan-Lusky [8] Proposition 2.2) Letv and w be typical weights.

w?(r)

(a) If HS® is isomorphic to £*° and limsup,_,, (—W> < 00, then the integral operator
I:H® — HF 1s bounded.

—

(b) If I : HY® — HZ° is bounded, then limsup,_,; (—%) < 00.

The following characterization is rather technical and not needed in the sequel but for the
sake of completeness we will formulate it here. In [12] Lusky showed that HJ° is isomorphic
to £*° if and only if

Vby >13dbg >1de>0Vm,n>c:

|m —n| > c and Im w(rm) <b = In w(rn) < bo.
T w(ry) rm /) w(ry)

Examples of weights with this property include among others the standard weights and the
1

exponential weights uy(2) =e -1=P% o > 0.

The investigation of the compactness of the operator Cy 4 : B, — By, requires the follow-
ing result which can be easily derived from a result of Cowen and MacCluer, see [7] Proposition
3.11.

Proposition 2 (Cowen-MacCluer, [7] Proposition 3.11)) Cy ., : B, — By, resp. Cy :
B, — By, is compact if and only if whenever (fn)nen s a bounded sequence in B, such that
fn — 0 uniformly on the compact subsets of D, then Cy yfr, — 0 resp. Cyfr, — 0 in B,,.

We need the following characterization of the boundedness resp. compactness of operators
Cy acting between weighted Bloch type spaces, which in case of standard weights can be
easily derived from the boundedness resp. compactness conditions of weighted composition
operators acting between weighted Banach spaces of holomorphic functions. We will analyze
a more general framework here.
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Proposition 3 Let v and w be weights. Then the composition operator Cy : B, — By, is

bounded if and only if sup,cp (()“(i’ )()Z)| < 00.

Proof. First, we suppose that Cy : B, — B,, is bounded. We assume to the contrary that

we can find a sequence (zp,)n, C D with |¢(z,)| — 1 such that % > n for every n € N.

Moreover, for every n € N we can choose f,, € B, with || f,||, <1 and |f}(¢(zn))] = m

Then, by the boundedness of the operator Cy : B, — B, we can find a constant ¢ > 0 such
that

e 2 w0l )| = “ENE N > for every e
which is a contradiction.
Conversely, we get that
ICaf . = supw(E)le/ 17 (@(:))] < sup 0 B ao(e)) 7 (o))
w(2)|¢'(2)]
< sup 5(6(2) 115,
and the claim follows. O

Proposition 4 Let v and w be typical weights. If limsup g1 %W’(zﬂ = 0, then the
operator Cy : B, — By, is compact. If we assume additionally that HY is isomorphic to £
v1

and limsup,_,; <_v’(r)v1(:)(jz/1(r)v(r)> < oo, where v1(z) = 1 — |2|? for every z € D, then the
converse is also true.

Proof. Let us first assume that limsup g,y 1 %W’(zﬂ = 0. Then, by Proposition 3 the
operator Uy must be bounded. The idea now is to use Proposition 2. To do this we take a
bounded sequence (fy)n, C B, with ||f,||p, < 1 for every n € N and f,, — 0 uniformly on

compact sets. Given € > 0 we can find 0 < ro < 1 such that

9" (2)|w(z) < 817(<Z>2(z))

for every z € D with |¢(2)| > ro.

For n big enough, we have that

sup | fn(6(2)|w(2)¢'(2)] < 5
[6(2)|<ro

and thus

1Cs(fu)llB, < sup  w(2)[¢(2)[|f1(6(2))]

lp(2)|<ro
+ sup  w(2)|¢'(2)||f(6(2))]
|p(2)|>r0
& 5

Hence, by Proposition 2 the operator Cy is compact.
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Conversely, we assume that there is a sequence (z,,), C D with |¢(z,)| — 1 and such that

)¢ el (e)
W T o (B(m) P T

By passing to a subsequence we may assume that there is ng € N such that |¢(z,)|" > % for
every n > ng. Moreover, for every n € N we can find a function f,, € B, with || f,|lp, <1
and | f,(¢(zn))| = m Now we choose

9n(2) = 2"0g(2,)(2) fn(2) for every n € N and every z € D.

Then
In(2) = 02" fu(2)90(z0) (2) + 90 (2)2" i (2) + 2" Pz (2) Fr(2)
for every n € N and every z € D. By Proposition 1 the operator I : H>°* — HS is bounded

v1
since by assumption we have that

limsup | —————— | =limsup (— v(r) y > < 00.
r—1 (%) (r)v(r) r—1 (r)v(r)
This yields

v(z) v(z)

lgnllB, < igglw;(z ()1~ |2 )( _p Hlfn( )|+ilelpn| A"~ I)( ype ’)|fn( 2)|
+ ilelgv(Z)lfn(Z)l

_ 2y v(2) / n=lgq _ 1,2 v(z) /
21615(1 \s%(zn)(Z)\)1_,2‘2!Ifn(2)\+iggn12\ (1 12\)1_,2‘2!1%(2)\“

< 1+ Ul fnllB, + Slelgn!ZI”_l(l = 2P fall 5,
z

IN

< 14 | +supnfz|"H (L =[]
zeD

An elementary calculation (cf. [14] p. 343) yields

—1

2n n—1 5
supalel" (1 = o) = ( )

Observe that for each n > 2 the above supremum is a maximum and it is attained at any
1

point on the circle centered at the origin and of radius r,, = (@> ?  These maxima form a

n+1

decreasing sequence which tends to 2. Thus, we consider the sequence (hy), with hy(2) =
2P (2n) (2)fn (2)
ER =S s
uniformly to zero on the compact subsets of ). By Proposition 2 we have that

for every z € D and every n € N. This sequence is bounded and converges

Hctbhn”Bu — 0if n — .

Moreover,
ICohnllB, = w(2n)|@ (20)||h7 (6(2n))]
S 1w )l
~ 20(d(2n)) (1 = [0(2n)[?)
for every n € N. Thus, the claim follows. a
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3 Boundedness
In this section we will investigate when the operator Cy  : B, — B,, is bounded.

Theorem 5 Letv and w be weights. Then the weighted composition operator Cy .y : By — By,
s bounded if and only if:

(a) Cgyr : By — HgY is bounded, and,
b) Cy : By = Bjyy s bounded.
@ 9]

Proof. Obviously, the weighted composition operator Cy . : B, — B,, can be considered as
the sum of the operators Cy g : By — Hp’ and Cy : By, — Bjy,, since for every f € B, we
have that

1Co0f B, = Sugw(Z)W(Z)f(cf)(Z)) +v(2)¢ (2) f(6(2))]
zE
<N Cou fllw + 1Cs f 1By, -
Hence, if (a) and (b) are fulfilled, the operator Cy  : B, — By, is bounded.

Conversely, we first prove (b). By Proposition 3 we have to show that sup,cp %W

00. We fix a € D and select f, € B, such that || fo||p, <1 and |f.(¢(a))| = W' Next, we
put
9a(2) == fa(z) — fa(é(a)) for every z € D.

Obviously, g, € By, with ||ga|l, < 1 and g(¢(a)) = 0 as well as |g,(¢(a))| = ﬁ((bl(a) . Since
Cyp : By — By, is bounded and a € D arbitrary, we obtain that sup,cp wa )WE((;(J)l;bl(a)' < o0.
Hence (b) holds. Since Cy y : B, — By, is bounded, (a) follows immediately. O

Thus, it remains to analyze when the operator Cy v : B, — H;’ is bounded. First,
observe that this operator can be identified with the operator Cy /I : H)° — Hp'.

Proposition 6 Let v and w be weights on D. If we can find a weight u such that such

that I : H* — H° is bounded and such that supzeﬂ))% < o0, then the operator

Co + Hy® — HyY is bounded. If we assume additionally that v and w are typical and that
one of the following conditions holds:

(a) ¢ € Hy\HJ,
(b) ¢ € HY with liminf,_; [¢/(z)| = o >0, and Cy : HY — HP,
then the converse is also true.

Proof. Let f € H3°. Then with u selected as in (b) we get that

I(Co D))l = sup @) (I HG()
W@ o PR

< sup S u(@()|(1)(6(:))] < sup =]
(I (2)

< sup “ ST
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and the claim follows.
Conversely, since Cy I : Hy° — Hp? is bounded, we can find a constant M > 0 such that

1(Co0 D) (Pl B = itelgw(Z)W(Z)H(If)(eb(Z))I < M| fll- (3.1)

Now, the aim is to find or construct a weight u such that supze]])M < oo and

(¢(2))
lim, 1 SUD| ()| >r % > 0. In other words, we have to find a weight u such that the

weighted composition operator Cy v : H;° — Hg® is bounded, but not compact. In case
Y € HS\HY obviously we can take u(z) = 1 for every z € D. In the second case we may
choose u(z) = w(z) for every z € D. O

Let us give some illustrating examples.

1
Example 7 (a) Consider the weights v(z) = (1 — [2|?)? = 0(2) and w(z) = e ~I*Pas well
as ¢(2) = (z—3)/(1—%) and 1(z) = 1—z for every z € D. Then ¢ is the automorphism
of D which interchanges 0 and 1 and we have that ¢/(z) = 2(1 — £)~2 for every z € D.
Next, a simple calculation shows

2
1
Z_E

-3

3] -1 2
= limsup- e “:P[1—z|/ 1-— ‘1—%

|
l6(2)|>1 o(¢(2)) l6(2)| =1
= 0.

v(r)

Since lim,_ <_v1(r)v’(r)7v/ (T)U(r)) = lim,_,1 % = %, this means that the operator Cj :
1

By — Bjyw 1s not only bounded, but even compact. Moreover,
2 (] g2
1—r —
lim sup <_/w(r)> = lim sup u =0 < o0.
r—1 w (T)U(T) r—1 2r
Thus, the operator I : H° — H;’ is bounded. Furthermore,

2

1—

1
2

hmsupM = limsupe_l—\lzl2 1—z|/|1-
p(z)—1 U(D(2) ez

z
2

Finally, we can conclude that Cy : B, — B,, is bounded.

(b) Select now w(z) = 1 — |z|] and v(z) = e T as well as ¢(z) = 5 and Y(z2) = z for
every z € D. Then

w(2)|9(2)] (2Pt — 2| _

SUp ———~— = sup

zed  0(¢(2)) 2€D *ﬁﬁ}l‘

e

Hence, Cy : By, — Bjy, is not bounded and thus the same is true for the operator
Cd)ﬂ/) : By, = By.
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4 Compactness

In this section we will characterize when weighted composition operators Cy y acting between
weighted Bloch type spaces are compact.

Theorem 8 Let v and w be typical weights such that HY is isomorphic to £° and
vy
v(r

lim sup,._,; (— v’(r)vﬂr)—li(r)v(r)) < o00. Then Cyy : By, — By, is compact if and only if

(a) Cgyr : By — HgY is compact, and,
(b) Cy : By — By s compact.

Proof. The compactness of Cy, : B, = B,, follows immediately from (a) and (b), if we
recall that it can be identified with the sum of Cy y : B, — H3® and Cy : B, — By -
Conversely, we start with proving (b). As in the proof of Proposition 4 we may assume that
there is a sequence (zy,), C D with |(¢(z,)| — 1 such that

w(z)[Y(2)] w(zn) Y (zn)|

limsup ————*= = lim

b(x) =1 0(@(2))  nooe 0(d(zn))

and we consider the same sequence

ann(z)quﬁ(zn) (Z)
1271l 5,

hn(2) =

for every z € D, n € N,

which is bounded in B, and tends to zero uniformly on the compact subsets of . Therefore,
by the compactness of the operator Cy y : B, — B, we have that

1Cwhnll B,y = 0.

Moreover,

1Cs,phnll B = w(zn) Y (20) hn($(20)) + 1(20) ¢ (20) By (D(20))|
0(é(zn)) (1 = [p(zn) 2"
20(d(2n))|(1 = |d(2n)?)

> w(zn)

>

Hence lim supjg(.y 1 %T)(qﬁ(z)) = 0 and thus the operator Cy : By — Bjy, is compact.
Since, by hypothesis, the operator Cy,, : B, — B, is compact, the compactness of Cy 4 :
B, — H:} follows immediately. O

It remains to analyze when Cy v : B, — H:? is compact. Again we can (and will) identify
the operator Cy g : B, — Hy® with Cy g1 : H)° — H7Y.

Proposition 9 Let v and w be weights. If one of the following conditions holds

wEHWE

(a) There is a weight u such that I : Hy® — Hy® is bounded and lim sup )| —1 % =

(i.e. Cyyr : H° — H3Y is compact),
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b) There is a weight w such that I : HS® — HS° is compact and sup CIOIUIC RN
v u 2€D T u(p(2))
Co - Hi® — HY is bounded),

then the operator Cy g1 : HJ° — HZY is compact. If we assume additionally that v and w
are typical and one of the following conditions holds,

(c) ¢ € HiY\Hy),
(d) ¢ € HS with liminf|, | [¢/(2)] = a >0, and Cy : Hyy — Hy,
then the converse is also true.

Proof. First, we assume that one of (a) and (b) holds. The arguments are standard but for
a better understanding we give the proof here. Let (f,), C HS° be a bounded sequence. We
first suppose that (a) is valid. Since I, by hypothesis, is bounded, the sequence (I f,), C H°
must also be bounded. Hence, the compactness of Cy v : Hy° — Hp? yields, that the sequence
(Cop I fn)n C Hy must have a convergent subsequence, hence the claim follows.
In case that (b) holds, (If,), C HJ° must have a convergent subsequence, since I : H° —
Hp° is compact. By assumption, Cyy @ H7° — Hg® is continuous, hence the sequence
(Cpp I fn)n C Hy® must also be convergent. Finally, the operator Cy I : H° — HpY is
compact.

Conversely, we proceed exactly as in the proof of boundedness and choose in case that
(c) is valid the weight u to be u(z) = 1 for every z € D and in case (d) the weight u to be
u(z) = w(z) for every z € D. Thus, in both cases we get an operator Cy v : H;° — HY
which is bounded, but not compact. |

Example 10 (a) The operator given in Example 7 (a) is obviously compact.

o[

z—

(b) We choose v(z) = w(z) = 1 — |z| and ¢(2) = =

as well as ¢(z) = 1 — z for every

[SIEY

z € D. Then
! 1-— 1-—
o BN _ 3 (P,
z€D vipiz z€D (1_|1_%’)|1_%’2
but 3 (1 1
lim sup — (1—[zD[1 — 7| 0.

o) =14 (1 — |22
2

=21 - 317

This means that Cy : By, — Bjy,, is bounded, but not compact. Moreover,

. w(r)? > :
limsup | ———%— | =limsup(l —r) =0 < oco.
r—>1p< w'(r)v(r) r—>1p( )
Hence I : H;° — H;?Y is bounded and
1- 1-
p PO D=
zed 0(0(2))  zeD 1 _ =1
2

Thus, Cy y : By — By, is bounded, but not compact.

814



Bulletin de la Société Royale des Sciences de Liege, Vol. 80, 2011, p. 806 - 816

References

[1]

2]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

J.M. Anderson, J. Duncan, Duals of Banach spaces of entire functions, Glasgow Math.
J. 32 (1990), no. 2, 215- 220

K.D. Bierstedt, J. Bonet, A. Galbis, Weighted spaces of holomorphic functions on bal-
anced domains, Michigan Math. J. 40 (1993), no. 2, 271-297.

K.D. Bierstedt, J. Bonet, J. Taskinen, Associated weights and spaces of holomorphic
functions, Studia Math. 127 (1998), 137-168.

J. Bonet, P. Domanski, M. Lindstrom, J. Taskinen, Composition operators between
weighted Banach spaces of analytic functions, J. Austral. Math. Soc. (Serie A) 64 (1998),
101-118.

J. Bonet, M. Lindstrom, E. Wolf, Differences of composition operators between weighted
Banach spaces of holomorphic functions, J. Austral. Math. Soc. 84 (2008), no. 1, 9-20.

M.D. Contreras, A.G. Hernandez-Diaz, Weighted composition operators in weighted Ba-
nach spaces, J. Austral. Math. Soc. Ser. A 69 (2000), no. 1, 41-60.

C. Cowen, B. MacCluer, Composition Operators on Spaces of Analytic Functions, CRC
Press, Boca Raton, 1995.

A. Harutyunyan, W. Lusky, On the boundedness of the differentiation operator between
weighted spaces of holomorphic functions, Studia Math. 184 (2008), no. 3, 233-247.

T. Hosokawa, K. Izuchi, S. Ohno, Topological structure of the space of weighted com-
positon operators on H*, Integral Equations Operator Theory 53 (2005), no. 4, 509-526.

M. Lindstrom, E. Wolf, Essential norm of the difference of weighted composition opera-
tors, Monatsh. Math. 153 (2008), no. 2, 133-143.

W. Lusky, On weighted spaces of harmonic and holomorphic functions, J. London Math.
Soc. 51 (1995), 309-320.

W. Lusky, On the isomorphism classes of weighted spaces of harmonic and holomorphic
functions, Studia Math. 175 (2006), no. 1, 19-45.

B. MacCluer, S. Ohno, R.Zhao, Topological structure of the space of composition oper-
ators on H>, Integral Equations Operator Theory 40 (2001), no. 4, 481-494.

M. Contreras, A.G. Hernandez-Diaz, Weighted composition operators in weighted Ba-
nach spaces of holomorphic functions, J. Austral. Math. Soc. Ser. A 69 (2000), no. 1,
41-60.

S. Ohno, Weighted composition operators between H*° and the Bloch space, Taiwanese
J. Math. 5 (2001), no. 3, 555-563.

S. Ohno, K. Stroethoff, R. Zhao, Weighted composition operators between Bloch type
spaces, Rocky Mountain J. Math. 33 (2003), no. 1, 191-215

J.H. Shapiro, Composition Operators and Classical Function Theory, Springer, 1993.

815



Bulletin de la Société Royale des Sciences de Liege, Vol. 80, 2011, p. 806 - 816

Author’s address:
Elke Wolf, Mathematical Institute, University of Paderborn, D-33095 Paderborn, Germany;
e-mail: lichte@math.uni-paderborn.de

816





