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Abstract

An exponent of convergance, for convergent power series in infinitely many
variables, is established using methods developed in the study of the relationship
between neclearity and the existence of an abselute basis for holomorphic
function in locally convex spaces.

In his investigation of Dirichlet series, ¥. Bohr [1} employed power series expressions in infinitely
many variables and posed a certain convergence problem. In this article we provide a solution of
this problem using methods which aross in our investigation of the relationship between absolute
monomizl expansions of holomerphic functions and nuclearity in locally convex spaces [3] and which
were motivated by a theorem of Bohr (2].

Let N™ denote the set of non-negative integers which are eventually zero. We identify, in the usual

way, N™, the n-tuples of non-negative integers, with a subset of N and, with this identification,
E=-3

N™ ¢ N oand U N® = N If 2 = (2,)5%, is sequence of complex numbers and m =
n=1

(M) € NV we fet 2™ = ﬁ 2™ (we let 0° = 1) and, by abuse of language, we also let 2™
denote the monomial z —» z™. ’%‘__6; each positive integer n let

A" = {(z)h, €C: Jul Slfori=1,...,n},
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-]
We identify A™ with a subset of A™! in the usual way and let A® = U AT,

n=1
Bohr (1] considers the formal monomial expansions Z am2z™ with the following properties;
mENIH)
{a) Z lam] <00 foralln

mEN

(b) SI’!‘p {sup{[ Z amz”‘l; .]z.-l <1, i:l,...,n}} < o0

meN

We let B denote the set of power series satisfying {a) and {b}. Using Taylor series expansions it
Is easily seen that there is a one to one correspondence between elements of B and functions f on
A% with the following properties;

{c) the Taylor series expansion of f]as converges absolutely on A",

@ sup [fllan = Mflla= < oc.

Let

C= {(en)ﬁ';,; 0<éq <1alln, Z [am]e™ < oo for all Z am:ch}

meNIX) mEN{N)

o9
Bohr [1] wished to find the largest real number § such that if 0 < ¢, < ! all n and fo < oo
n=1
then {e4 )%y € C. He showed that § > 2 and Toeplitz [4] showed § < 4. In this article we show
that & = 2, We found it convenient to consider a smaller set of functions.

Let § denote a fixed real number greater than I, For each pasitive integer r let
Dt ={{z)s e C |wl<é, i=1,...,n}.

o0
and let D = {] D9,
. n=}l
We let B denote the set of all functions f on D® such that
{e) flp~ is a holomorphic function { of n complex variables) for all n,
() ifllp= < oo,
Since A™ C D™ and A™ is a compact polydisc in D™ for all n it foliows that (e} = {c) <= (a)

and (f) == (d) =% (b). Hence B C B. The identifiction of f € & is with its monomial expansion

z anz™ € B,

mENINY
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Endowed with the norm ||}« , B is a Banach space, Now suppose ()72, belongs to C. Then

Z Jamle™ < oo for all f~ Z amz™ € B.
meNNY meNH)

Since the mapping

f~ Z amzm—"’lamE

meENH}

is contimuous, by the Cauchy integral formula, for each m it follows that the set

Z amz" € B Z: lamle™ & 1}

meNM} meENIH)

is a closed convex balanced absorbing subset of (B, |l]p=) and hence, since Banach spaces are

barrelled, there exists a positive constant a such that

Y. lemle™ S allfip= {*

meN¥Y

for ail f ~ Z amz™ € B,
meNI¥}

Theorem., §=2,

Proof. Let (e4)3%, € C. Clearly B and C are invariant under any permutation of coordinates. By

the proof of theorem 3.1 in [3] we may take a = 1 in {+) and it follows that
n
Yy <2vm (%)
=t

for any sequence of positive integers I(1),...,1(n). Hence, (éx)32%y Is convergent to 0 in R.I(e)n

is the nondecreasing rearrangement of (¢,), then

n
nep < Zc:, < 2/n
i=t
and, for any 6 > 0,
N

o0 o0

246 _ 246 o~ HT+E
5_—4:‘“ =D () <2 X; SIS
n= =l

n=

This completes the proof.

Using (++), it is also easy to construct a sequence {endn, 0 <0 < 1, such that Eef{"" < no for
6> 0 but {en)n ¢ C.

yo?
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