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Abstract

Transit photometry has remained the most effective technique to detect and characterize exo-
planets. As thousands of exoplanets have been discovered in the last few decades, the possi-
bility of the existence of exomoons in some of these systems can not be avoided. However,
the detection of exomoons has still remained elusive, owing to their much smaller expected
size compared to their planetary host. With the advent of next generation space telescopes and
large ground based telescopes, the possibility to detect them is imminent in near future. In such
scenario, a comprehensive analytical formalism to model the transit lightcurves of a transiting
exomoon hosting system will be necessary to confirm their detection and study their physical
and dynamical characteristics. Here, I present such an analytical formulation, that can be used
to simulate the transit lightcurves for an exoplanetary system hosting transiting exomoons. This
formalism uses the physical and orbital properties of the three-body star-planet-moon system,
to solve their orbital dynamics, and model the transit lightcurves for every possible physical
scenarios. In this report, various aspects of this analytical formalism has been discussed, and
the model lightcurves for a few of the practical scenarios have been presented.

Keywords: Exoplanets, Exomoons, Transit photometry

1. Introduction

Thousands of exoplanets have been discovered over the past few decades, using various
ground-based (e.g., SuperWASP (Pollacco et al., 2006), HATNet (Bakos et al., 2004), KELT
(Pepper et al., 2007), etc.) as well as space-based (e.g., CoRoT (Auvergne et al., 2009), Kepler
(Borucki et al., 2010) and TESS (Ricker et al., 2015)) facilities. However, majority of these ex-
oplanets have been discovered using the transit method. Transit method have a major advantage
over the other exoplanet detection methods, which is the capability to monitor a large number
of potential host stars photometrically, leveraging survey telescopes of very large field-of-view.
This statistically increases the probability of detecting a large number of undiscovered planetary
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bodies using this method. The transit method also allows to study several key physical proper-
ties of the detected exoplanets, such as the radius, the orbital inclination and the orbital distance
from the host star, as well as the limb-darkening coefficients of the host star. Combining with
the spectroscopic observation to study the radial velocity of the host star, the transit method also
helps to determine the mass of the exoplanets accurately.

Although the discovery of a large number of exoplanets have been possible through transit
and other methods, the discovery of exomoons have still remained elusive. In the recent past,
several investigations invoking various techniques have been undertaken to discover exomoons.
Apart from the traditional transit method, some of the other techniques that have been proposed
over the years for the detection of exomoons are: Transit-Timing Variation (TTV, Sartoretti and
Schneider, 1999; Szabé et al., 2006), Transit-Duration Variation (TDV, Kipping, 2009), photo-
metric orbital sampling effect (Heller, 2014; Teachey et al., 2018), imaging of mutual transits
(Cabrera and Schneider, 2007), microlensing (Han and Han, 2002), spectroscopy (Williams and
Knacke, 2004; Johnson and Huggins, 2006; Oza et al., 2019), polarimetry of self-luminous ex-
oplanets (Sengupta and Marley, 2016), doppler monitoring of directly imaged exoplanets (Agol
et al., 2015), pulsar timing (Lewis et al., 2008) and radio emissions of giant exoplanets (Noy-
ola et al., 2014, 2016). Although some of these techniques have resulted in a few exomoon
candidates, no confirmed exomoon has yet been recorded.

The major factor behind this non-discovery of exomoons can be attributed to the size of
natural satellites, which tends to be much smaller than the planets. However, with the advent
of latest state-of-the-art facilities, such as the James Webb Space Telescope (JWST), it might
be possible to detect such small exomoons. In order to model such observational data to de-
tect transiting exomoons and characterize their physical properties, a comprehensive analytical
formalism would be necessary. The formalism has also to be unambiguous enough to be ap-
plicable to all the possible realistic scenarios of dynamical alignments of the star-planet-moon
three body system. Here I present such an analytical formalism to simulate and model the transit
lightcurves of a planetary system hosting transiting exomoons. The formalism uses the physical
and orbital properties of the star-planet-moon three body system to solve their orbital dynamics.
I have discussed different aspects of the formalism, that can be applicable to all possible physi-
cal alignments of the system, while also keeping it mathematically simple and straightforward,
so that it can be applicable to modeling the actual observational data with relative ease.

In Sect. 2, I have discussed theoretical details of the analytical model, and in Sect. 3, I have
presented the model lightcurves for a few practical scenarios along with other discussions.

2. Analytical Formalism

It is not possible to analytically solve the dynamics of a three-body system consisting of
the star, the planet and the moon directly. So, I consider that the barycenter of the planet-moon
system follows a similar orbit as the planet would have followed in the absence of a moon. It
must be noted that the barycenter of the planet-moon system always falls within the surface of
the planet. For the cases where the moon has mass equal to a significant fraction of the mass

124



Planet-moon barycenter

Orbit of the planet-moon

barycenter around the star
Orbit of the moon around
the planet-moon barycenter

Figure 1: Orbital orientation of the star-planet-moon system from the
observer’s point of view, showing zs,, z,» and z,, the separations be-
tween the centers of the star and the planet, the planet and the moon,
and the star and the moon respectively; zy,, Zpp and z,,, the separation
of the planet-moon barycenter from the centers of the star, the planet
and the moon respectively; &, the angle between the major axes of
the projected orbits of the planet-moon barycenter around the star and
the moon around the planet-moon barycenter; a;, and a,,, the orbital
semi-major axes of the planet-moon barycenter around the star and the
moon around the planet-moon barycenter respectively.

of the planet, the barycenter would fall at a significant distance from the center of the planet,
although being with in the surface of the planet. For the cases where the planet is much more
massive than the moon, the barycenter would fall close to the center of the planet. The orbits of
the planet and the moon around their common barycenter are assumed to be circular, which is
practically the case for most of the moons which are tidally locked.

Now, let’s consider a system (cf. Fig. 1) consisting of a planet with radius r, and a moon
with radius r,,, where all the lengths are scaled in terms of the stellar radius. In this case, the
separation of the barycenter of the planet-moon system from the center of the star is given by

Zh = ap \/sin2 0), + cos? 6, cos? iy,

27
0, = —(tr—t,
=" (1~ )

where a;, is the semi-major axis, i, is the inclination angle, ), is the orbital phase, P, is the
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orbital period, and 7 is the mid-transit time of the planet-moon barycenter around the star.

The distance of the center of the moon from the planet-moon barycenter is, a,, = rpm/(1+
M,,/M,,), where 1, is the distance between centers of the moon and the planet, M,, is the mass
of the moon and M, is the mass of the planet. The distance of the center of the planet from the
planet-moon barycenter can be written as, a, = rp;, — ap.

Now, the separation between the center of the moon and the barycenter of the planet-moon
system is given by

Zonb = A \/sin2 0,, + cos? 0,,cos2 iy,

27
6, = P—(t —tom)

m

and the separation of the center of the planet from the barycenter of the planet-moon system is
given by

Zpb = ) \/sin2 0,, +cos? 6,,co82 i,

where i,, is the orbital inclination angle, 6,, is the orbital phase, P, is the orbital period, and 7o,
is the mid-transit time of the moon around the planet-moon barycenter. The separation between
the center of the planet and the center of the moon can be written as

Zpm = Zmb 1 Zpb-

In order to combine these definitions from the planet-moon two-body system with the sys-
tem consisting of the star and the planet-moon barycenter, I denote the angle between the major
axes of the projected orbits of the planet-moon barycenter around the star and the moon around
the planet-moon barycenter as o,;,. In this case, the separation between the centers of the planet
and the star can be written as

_ /2 2
Zsp = \/zsb +zpb —2232pp COS @

O=0+n—m

cos B, cosi
cos™! > b2b 0<6,<m
n = \/sin® 6, + cos2 0, cos2 iy,
_ cos 6, cos iy
—cos™! — , —n<6,<0
\ \/sin? 6}, + cos2 6, cos2 iy,
( 6 .
B cos 0, cosi
cos™! = == , 0<6,<m
. \/sin? 6, + cos? 6, cos2 i,
1 p—
_ cos 6, cosi
—cos™! > Al , —1<6,<0
\/sin2 6,, + cos2 6, cosZ i,
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where ¢ is the angle between zg, and z,,. Similarly, the separation between the centers of the
moon and the star is written as

_ 2 2
Zsm = \/Zsb +Zmb — 2Z5pZmb COS ¢1

¢p=n—9¢

If the ratio between the mass of the moon and the planet is assumed very small, the barycenter
of the planet-moon system could be approximated at the center of the planet, i.e. a, = 0, in
which case the model simplifies to z,, = 0, zsp = zg and Zpm = Zyup.

Apart from these separations between the centers of the three circular bodies, the separation
of the center of each body from the points of intersection of the two other bodies would be
required to solve the conditions for all possible dynamical alignments. The separation of the
star from the points of intersection of the moon and the planet are given by

2 2 2 2_ .2 2

25, 25, — 2 rs—ry+z

Iy = r},+z§p—2rpzspcos cos—! [ ZBp_pm  Tm) | oe—l [ 2_m Tem
22spZpm 22pmTp

2 2 .2 2,2 2
Ly=1|r2422, —2 (BT Em = Sm g (T T G
2 rp+zsp I'pZsp COS | COS cos
22spZpm 22pmTp

Similarly, the separation of the planet from the points of intersection of the moon and the star

are given by

2 2 _ 2 2 2
o + 2 Z re—1+z
llp — r’%l—f—zl%m_zifmzpmcos (COS_] <w> +COS_] <u
ZZPstm 2Zsmrm

2 2 2 2 2
Z5m 2 Z re—1+z
12p = ;»,%1 +Z%m—2i”mmeCOS (Cosl (w) —cos—! (u
27 pmZsm 2Zsm Im

and, the separation of the moon from the points of intersection of the star and the planet are

given by

2 2 2 2 2
om t 25, — Zom re—142z5
Lim = r% —i—z%,m — 27 pZpm COS (cos—1 (% +cos—! [ £L—P
2ZpmZsp 2zspTp

2 2 2 2 2

75+ 75, —2 rs—1+z

o = ([ 12+ 2y — 2rpzpmcos | cos 1 LRI ) ot (2T
2ZpmZsp 2zsplp

Using these parameters, all the possible alignments of the star-planet-moon system can

be categorized into 22 cases (see Saha and Sengupta, 2022, Fig.3 and Table 1). To account
for the limb-darkening effect of the host-star, the analytical quadratic limb-darkening formula-
tion (Mandel and Agol, 2002) can be used for the occultation by the planet, and small-planet
approximation can be used for the occultation by the moon.
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Figure 2: Transit light-curve for a moon hosting exoplanetary system
similar to our Sun-Earth-Moon system, with r, = 0.01, r,, = 0.0027,
top = 0 days, to,, = 7 days, P, = 365 days, P, = 27 days, a, = 215,
Fpm = 0.6, M /My, = 81, i, = 90°, i), = 90°, oty = 0°, u; = 0.4 and
up = 0.25. The dashed red line shows the transit signature of the planet
in the absence of a moon.

3. Results and Discussions

The analytical transit model for a moon hosting planetary system, as described in the last
section, consists of parameters .y, 'y, top, tom> Fos P> Ab, Tpms Mp /Mo, ip, im, Ognp, and the limb-
darkening coefficients of the host-star. Here, we have considered the quadratic limb darkening
coefficients, u; and u; (Mandel and Agol, 2002).

Now, let’s consider a scenario very similar to our Sun-Earth-Moon system. The parameters
for this case can be approximated as: r, = 0.01, r,, = 0.0027, 1y, = O days, tp, = 7 days,
P, =365 days, P, =27 days, a, = 215, rpm = 0.6, M, /M,, = 81, i, = 90°, i), = 90°, 0 = 0°,
u; = 0.4 and up = 0.25. The transit lightcurve for this scenario is shown in Fig.2. Here,
ip = i, = 90° implies that both the planet and the moon are transiting through the center of the
star, and that combined with a,,, = 0° implies that the orbit of the moon is aligned with the
orbit of the planet, i.e., both the planet and the moon are in the same orbital plane. From the
figure, the transit signature of the moon can be clearly seen, which lags the transit of the planet
for this particular case. In general, the transit of the moon can take place before, during or after
the transit of the planet, depending upon a combination of various parameters.

The probability of finding an moon is much high around a giant planet compared to a
terrestrial one. Also, massive planets are more likely to host larger moons. Let’s consider a
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Figure 3: Transit light-curves for transiting system with a Jupiter-
like planet around a Sun-like star, hosting moons similar to the Earth
(green), Mars (red), Titan (yellow) and Luna (blue). The model param-
eters are given by: r, = 0.01, r,g = 0.0091, ryp = 0.00484, rpr =
0.00369, ry,r = 0.00249, ty, = 0 days, ty,, = 4 days, P, = 365 days,
P, = 14.47 days, ap = 215, rpm = 2.5, M, /My = 316.7, M, /My =
2968.75, M, /My, = 13571.4, M), /M,p, = 25675.7, i, = 90°, i, = 90°,
Conp = 0°, u; = 0.4 and up = 0.25.

scenario with a Jupiter-like planet around a Sun-like star orbiting at a distance of 1 AU, i.e.
in the habitable zone of the star. Now, let’s also consider four different cases of moons, i.e.
with sizes similar to Earth, Mars, Titan and Luna (Earth’s moon), orbiting around the giant
planet. The model parameters for these scenarios can be written as: r, = 0.01, r,g = 0.0091,
rmym = 0.00484, 1,7 = 0.003609, r,,r = 0.00249, 1o, = 0 days, f,, = 4 days, P, = 365 days, P,, =
14.47 days, ap =215, rpm = 2.5, M /Mg = 316.7, M), My = 2968.75, M), /M,,r = 13571 .4,
My, /My, = 256757, ip =90°, i), = 90°, 04y = 0°, uy = 0.4 and up = 0.25. Here, i, = i), = 90°.
The transit lightcurves for these scenarios are shown in Fig. 3.

Since, the detection of exomoons directly depends on the size of the moon relative to the
star, detection of sub-Earth sized exomoons would require extremely precise photometric ob-
servations. Such extremely high precision could be be achieved using the next generation large
telescopes, such as the James Webb Space Telescope (JWST), the European Extremely Large
Telescope (E-ELT), the Thirty Meter Telescope (TMT), and the Giant Magellan Telescope
(GMT) etc. Apart from the photometric noise, the correlated noise due to stellar variability and
pulsations, and instrumental factors can also pose a challenge in the detection of exomoons.
Such noises can be treated using sophisticated techniques like the Gaussian process regression
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(Rasmussen and Williams, 2006; Johnson et al., 2015; Saha et al., 2021; Saha and Sengupta,
2021; Saha, 2022, 2023) to minimize their impact on the lightcurves.
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